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We calculatethe connectionandcurvatureof theuniversalfibrationof the Riemanman
manifoldsandcomparethemwith theBSRT algebraof fourdimensionaltopologicalgravity.
We alsocommenton the dimensionof the moduli space,conformalgaugefixing andthe
constructionof non-trivialobservables.
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1. Introduction

Recently,therehasbeenconsiderableinterestin the relationof low dimen-
sionaltopologyandquantumfield theory.A typicalexampleistopologicalYang—
Mills theory [1], whereDonaldson’spolynomialsappearnaturally.In thesame
spirit, four dimensionaltopologicalgravity was proposedin refs. [2], followed
by variousotherattempts[3—5].In this paper,we interpretthe BRSTalgebra
as the connectionandcurvatureof acertainuniversalfiberbundlerestrictedto
themoduli spaceof anti-self-dualgravity.

Thepaperisorganizedasfollows: In section2, wereviewtheBSRTalgebraand
theclassicalaction.In section3,westudytheuniversalfibrationofRiemannian
manifolds and calculateits natural connectionandcurvatureexplicitly. The
resultis comparedwith theprevioussection.In section4, wediscussthemoduli
space,conformalgaugefixing andobservables.
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2. BRST transformationsandclassicalaction

Witten’sactionfortopologicalYang—Mills theory [1] canbewrittenas atopo-
logical action (the first Pontryaginclass) plus gaugefixing terms [6]. But for
gravity,the only local expressionwith up to secondorderderivativesof themet-
ric is theEinstein—Hubertaction,which in four dimensionsis not a topological
invariant.We thereforestartwith a LagrangianLo = 0 but specifythefieldsand
symmetries(or more precisely,the redundancies).The zero actionshouldbe
regardedas afunctionalof themetric g,u’ thatis invariantunderarbitrarylocal
variationin addition to the diffeomorphismandconformaltransformations.

We postponethe discussionof conformalgaugefixing to section4 andstart
with the diffeomorphismBRSTsector [4]:

ög~~= çU
1~,+ C~t;v+ C~,;p, (2.1)

= ~s;v + ~�~z’;iz (W~z.a~v+ + W,zv~CA), (2.2)

öcjL = _IiL_c~c~~, (2.3)

= ~,JC~’ — ~ (2.4)

Hereg,~is theRiemannianmetrictensor,~ is a fermionicsymmetrictensor,
c~is afermionicvectorfield andq~is abosonicone.They haveghostnumbers
0, 1, 1, 2, respectively.Onecancheckdirectly that ö

2 = 0. The abovetransfor-
mationscanbe written in acompactgeometricform [4]. Let d = d + ö be the
extended“differentiation” and

= 1j~dXA+ (~u’~,+ cLv) (2.5)

the “connection”,then the “curvature” is

RILL.

= ~R~UPGdx~A dxa + (PILPA — R’1 VAPc”) dX’~

+~(Q~~+ 2P”~~c”+ R/Lvpac/?CO), (2.6)

where~ is the standardRiemanncurvatureof g,~,, and

= ~(I/I~~, Il/2v~t), (2.7)

Q,~= —,aw~,— (q5p;j, — ‘~j,~/L). (2.8)
Formulas (2.6)—(2.8) will be interpretedas the curvatureof universalfi-

bration in section3. Unlike topologicalgaugetheory, the componentsof the
“curvature” in (2.6) dependexplicitly on the diffeomorphismghostc~.If we
write

= W
4 + W3 + W2 + W1 + Wo, (2.9)

accordingto the gradingsof theghostnumberanddifferentialforms,whereWk

is a k-form of ghostnumber(4— k), thend(~R’~,A P’~)= 0 implies
öWk = —dWk_I (1 <k <4), oW0 = 0. (2.10)
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To write the theory in a manageablesize, we will ignore the ghosts from
diffeomorphismandconformalgaugefixing. Settingc~= 0 in (2.1)—(2.4), the
operator0 is nilpotent up to adiffeomorphism,i.e., O~X= L~Xfor all fields
X (includingthe additionalonesdefinedlater). HereL~is the Lie derivative
with respectto the vectorfield q5. We write the gaugefixed Lagrangianas

~ (2.11)

where~ is theself-dualpartoftheWeyl tensorandK istheKilling operator

K : Vect(M) —~ Sym2(T* M), K : V1 ‘—i Vp;y + Vp;jz.

The new fields arex ~ b~ (which havethe samealgebraicproperties

as W+); two vectorfields ~/‘, ~ andtwo scalarfieldsp, q. Theyhaveghost
numbers—1, 0; —2, —1; —2, —1, respectively.Among them,b+, q5 andp are
bosonic;the restarefermionic.The transformationrulesare

_~+ _i.,+
uX ~ — u

— + d~P~ + ,#~Pa$yô — IL aflyt5;pV’ ‘ /~p~yö’1’ ;a

+ AP ~ + ~.P ~ + ~P+ X
0~~o’~;p T X~p~o’~;v ‘ XctpypW ;~

= i~’L, (2.14)

= ~~—qY~q7; (2.15)

Op = q, (2.16)
oq = ~ (2.17)

After atediousbut straightforwardcalculation,thetotal Lagrangianis

£ = jb’~”~W~~+ iX~°~(DW)apyö+

+ ~K*K/~ — 2~j’i~[(V/
2ji;i, — ~‘1)w”’+

+ ~ (2.18)
with the field redefinitions

— b+ ..~ !~,,P + — 5H1 P + 2 19aflyô — aflyô 2~pX afly45 Yc~ X p~9yJ~

= + + y,l~P. (2.20)

In (2.23),D is asecondorderdifferentialoperatordefinedby

= ~(P~,py;j ~P~pj;y)

+~(R~~ivpo RaöWpy RpyWaj + Rpö Way). (2.21)

= 0 isthelinearizationoftheanti-self-dualequationW~= Oatananti-self-
dualmetric [7]. However,themetricg,~,in the Lagrangian(2.18) is arbitrary.
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Apart from the well-known constraintssuchas W+ = 0, Dyí = 0, K*çiJ = 0
and wj = 0, oneof the classicalequationsof motion from (2.18) is

~(x) = _2f d
4y~G1p(x,y)E(W~p;v— ~W~v’~)W~ + w~,~w~1(y),

(2.22)
where~ (x,y) is the Green’sfunction ofthe LaplacianK*K actingon vector
fields. In thesemiclassicallimit, thisisalsotheformulafor theexpectationvalue
of ç52 after integratingoverthe non-zeromodes.

3. Curvatureof the universalfibration

The universalbundlein gaugetheorywas first studiedin the contextof the
family indextheoremandtheaxialanomaly[8]. Recently,it wasshownthatthe
BRSTsymmetryin topologicalYang—Mills theorycanhavethegeometricinter-
pretationof theconnectionandcurvatureof the universalbundle [6]. Gauge
andgravitationalanomaliesanduniversalbundleswerealsostudiedusingthe
evaluationmapin field theory [9]. Thisapproachwas usedto obtainthe BRST
algebraof topologicalYang—Mills theory [10]. In gravitationalproblems,one
often makesuseof the framebundleof the spacetimemanifold and the cone-
spondingclassifyingspace[9]. In fact, the universalbundlefortwo dimensional
gravity hasbeenworkedout usingthe orthonormalframebundle [11]. In this
section,weconsiderthe universalfibration of Riemannianmanifoldsusingthe
setof Riemannianmetrics only.

Let M be a finite dimensionalcompactorientedsmoothmanifold,Met the
setof Riemannianmetricson M, andViff+ the group of diffeomorphismsof
M which preservethe orientation.We assumethat Thff+ actson Met freely,
i.e., no Killing fields exist for anyRiemannianmetric g on M. Otherwise,we
shouldrestricteitherMetto thesubsetof metricswith no Killing fieldsor Diff~
to {f : M —÷ M I f (x

0) x0,df~= idT~0M}for achosenpointx0 eM. Then
thequotientMet/Dzf7 is asmoothHilbert manifold [12] andthe groupThff~
alsoactson Mx Met freely via f ~ Diff~ : (x,g) ‘—* (flx,f*g). Hencewe
haveasmoothfibration

(M xMet)/Thf.T~—~--* Met/Thff~, (3.1)

called the universalfibrationofRiemannianmanifolds.
Thereis a tautologicalRiemannianmetric on eachfiberdefinedas follows:

Given an element [g] E Met/Dift in the base,we pick a representative
g E [g]. The map q. : ir

1([g]) —~ M, q’ : [(x,g)] ~ x inducesa Rie-
mannianmetric ~* g on thefiber it1 ~[g]). It is independentof the choiceof
the representative.To seethis,pick anotherg’ = f*g E [g], wheref ~Dzff~.
Thenthe new mapq’: ir~’ ( [g]) —~ M is ço’ = f o ~i. However, the induced
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metric coI*gI = ~* (f~l)*f*g = ~*g hasnot beenchanged.So the tautological
metricon eachfiber is well defined.

Secondly,thereis anaturalchoiceof horizontalspacesof thefibration (3.1).
For anymetric g E Met, thetangentspaceTgMet ~ {S I S e Sym2(T*M)}.
We definea horizontalslice Tg”Met = {S I K*S = 0} C TgMet,whereK is the
Killing operator.Theslicetheorem[12] saysthatthereisan openneighborhood
U C T~’Metsuch that U C Met -~-* U c Met/Thff~is adiffeomorphism.
Thereforethe map~‘ definedearlierextendsto (M xMet)/D:ff~~ —L M xU,
a coordinatecharton (M xMet)/Diff~.Its differentiationis an isomorphism
of tangentspaces

TL(x,g)J(M x Met)/Thff~-~ T~M~ Tg”Met.

The horizontalspaceof the fibration (3.1) at [(x,g)] is definedas (d~,)1x

Tf Met.The following commutativediagram

(MxMet)/Diff~I~y ‘ > MxU

q~’\ J f’xf (3.2)

MxU’

for anyf E Diff~andits differentiation

TI(x,g)](MxMet)/D:r d~> T~MEBTfMet

dq~”\ df~edf’ (3.3)

Tj..i~M~ T7.gMet

imply that thehorizontalspaceis well defined.
Following Bismut [13], afibration E —~-~ B with typical fiber M is calleda

fibration ofRiemannianmanifoldsif thereis aRiemannianmetricon eachfiber
anda choiceof horizontalspaces.Sinceweknow how to paralleltransportthe
verticalvectorsboth within a fiber (given the Riemannianmetric) and away
from it (giventhe choiceof horizontalspaces),thereis a canonicalconnection
V~’Bon the relative tangentbundle T~(E/B) overE, asub-bundleof T~E,
whosefibersaretangentspacesto thefibersoftheoriginalbundle.Alternatively,
the connectioncanbe definedas a projectionof the Levi-Civita connectionon
E. ChooseaRiemannianmetric g~on B. Thenthe metricson thefiber andthe
horizontalspacesleadto aRiemannianmetric on E. An equivalentdefinition
is VE/B P. P, whereVE is the Levi-Civita connectionon E andP is the
projectionon the fiber direction [13]. It turns out that the right handside is
independentof the metricg~on B (seeref. [14] for a review).

The fibration (3.1) is universalin the sensethatfor anyfibration of Rieman-
nian manifolds it : E —* B thereexistsabundlemapE —~ (M x Met)/Dzff~
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underwhichboththeRiemannianmetricsofthefibersandthehorizontalspaces
of E arepull-backsfrom the universalfibration. Thereforetheconnectionand
curvatureof T~(E/B) arethe pull-backsof the universalones,which we now
calculate.

Supposewe want to evaluatethe curvatureatapoint in ir~ ([g0]). Choose
abasis{a~,S~p= l,...,dimM,S E T~’Met}for the tangentspaceT~(Mx
Met)/Difft Any pairof vectorsin thisbasishasa vanishingLie bracket.Along
thefiber direction,the Christoffel symbolsIj~= I~andthe curvaturetensor

pP
vpa — z’pa

arestandard.The covariantderivativealongthe horizontaldirection arechar-
acterizedby

= ~g~(glv,s + 8~i.S,v— g~S,1), (3.5)
wherethe subscript, S denotesthe functional derivative with respectto the
metric variation S. Since the connectionwe computeis independentof the
metric on thebasemanifold, i~scanbe chosenas theinnerproductof O~,and
theprojectionof S to the verticaldirection.In thefiber it ([g0]), ~s = 0, so

f = ~gILl5’~,, = ~SJL,I. (3.6)

Using (3.22), the curvaturetwo-form contractedwith S E T~’Metand a1 e
T~Mis

P’
1 - r’1 t~ ‘ ?~‘1~P p/zf’P

— ).v,S — Szi,A ~ Sp lv — Ap Si’

= ~(S
1’1~—S1~”1). (3.7)

Atapoint [(x, g)] awayfromthefiberm’([g0]), thevector(0,S) e T~Mii

TgMet is not necessarilyhorizontal.Instead,it hasa decomposition

(0,S) = (GK*S(x),0) + (0,S_KGK*S) + (_GK*S(x),KGK*S). (3.8)

Thefirst andsecondtermsareverticalandhorizontal,respectively.Thethird one
istangentto theorbitof Dift andvanishesafter takingthequotient.Therefore

gAS = (GK*S)1 and
= ~[5’1~,+ (GK*SYL;i’ — (GK*S)~’1]. (3.9)

The universalcurvaturecontractedwith S, T � T~’Metis
— f’p f’/Lf.A f~~f~A

~ uST — Tv,S — Sv,T + SA Ti’ — TA Tp

= ~[S~’
1T

1 + (GK*TS)P;i’ — (GK*TS)~’1]+ ~S’11T
1~— (S ~ T)

= ~(S~1T
1~— T’1

1S
1~)+ (Gw(S,T)Y;,,— (Gw(S,T))~’1, (3.10)

whereG = (K*K)_i acts on the vectorw (5, T) definedby

w(S,TY~= [(51p;~, — ~S~~~)T’1”+ S’1~,~T
1”]— (S ~ T). (3.11)
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Thecomponentsof theuniversalcurvature(3.7), (3.10), (3.11)reproducethe
physicalcalculations(2.7), (2.8), (2.22).Thezeromodesof Wpu tangentto the
moduli spaceis S,~,.The BRST invariant bosonicfield ~ of ghostnumber2
correspondsto —Gw(S,T)1.

If we would considerthe universalbundleof orthonormalframes [11], the
first termin (3.10)wouldbeabsent.Thisdiscrepancymightbeareflectionofthe
orderingambiguityfamiliar to physicists.AlthoughAshtekar’svariablesandthe
vierbein formalismdescribethe sameclassicaltheoryof gravity as the standard
tensornotationdoes,theoperatororderingcould becompletelydifferentupon
quantization.Mathematically,this correspondsto the existenceof morethan
onenaturalbundleover the samemoduli space(seeref. [9], for example,for
theconstructionof variousbundles).It shouldalsobepointedout thatafter an
earlierversionof this paperwaswritten,anotherstudywithin the contextofthe
universalbundle,but from a differentperspectivehasappeared[151.

4. Moduli space,conformalgaugefixing andobservables

Fourdimensionaltopologicalgravity is oneof the theoriesin which the sta-
tionary phaseapproximationis exact.For the bosonicfields, the configuration
of classicalextremais the moduli spaceof anti-self-dualconformal structures
[7,16]

M = {g I W~= O}/(Thft xConf). (4.1)
Early examplesof four-manifoldswith non-emptymoduli spaceM are CP2,
K3 in addition to the conformally flat ones like R4,S4,T4 and S1 x 53• The
list wasextendedto the connectedsums*2CP2,#3CP2[17], *nCP2 [18] and
NK3#nCP2(n � 2N + 1) [19]. Recently,Taubeshasshownthat for anyfour-
manifold M, anti-self-dualmetricsexist on M*nCP2 for sufficiently large n
[20].

The fermioniczeromodessatisfyingthe constraintequationslive in the co-
homologyof the elliptic complex

0 —~ Vect(M) -~÷ Sym~(T*M)—~-~ Sym~(4(T*M)) —~ 0, (4.2)

whereSym~denotesthe tracelesspart of the symmetricproductSym2, A~is
the self-dual part of the anti-symmetricproduct,and K

0 is the projectionof
the Killing operatorto the tracelesspart,i.e., the conformal Killing operator.
Notethat K* W andK~w coincideif w is traceless.The complex(4.3) hastwo
alternativeforms:

0 —~ Vect(M) ~T’(R) ~ Sym
2(T*M)—4~-~Sym~(A~.(T*M))—~ 0, (4.3)

where i is the inclusion of F(R) into thetracepartof Sym2(T*M),and

0 —~ Vect(M) —~-~ Sym2(T*M)DEEiJR Sym~(A3~jT*M))~f’(R) —~ 0, (4.4)
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where OR is the linearizationof the scalar curvature.The index of all these
elliptic complexesis [21] (seealsorefs. [22,18,16])

Index = ~[29t(M) + l5X(M)]. (4.5)

In the presentcontext, the signatureand the Euler characteristicsof a four-
manifoldM canbe written as (see,for example,refs. [7,161)

t(M) = .d_~fd4x~ (IW~I2— 1W12), (4.6)

x(M) = /g(W~2+ IWI2—IRicoI2+ ~R2), (4.7)

whereRic
0 is the tracelesspart of the Ricci tensor.

Furtherassumptionsshouldbemadeto avoidsingularitiesof M. First, weas-
sumethatK0 hasno zeromodes,thatis, M shouldhaveno conformalKilling vec-
torsforanymetric.This istheanalogofhavingno reducibleconnectionsin gauge
theory.Unfortunately,the assumptionis not valid formanyfour-manifoldssuch
as S

4, T4 and CP2 [18]. Though a slightly milder assumptionexists (namely,
the conformalKilling grouphasa constantdimensionfor all metricson M), we
arenot going to pursuethe consequenceshere.Secondly,we assumethatD is
onto. While an analogousconditionin gaugetheoryholdsfor genericmetrics,
the assumptionhereis falseat leastfor T4 andK3 [18]. (The caseT4 hasbeen
consideredin ref. [41.)Assumingthatneitherthesesubtletiesoccur, themoduli
spaceM is asmoothmanifoldof dimension

dimM = —~(29i+l5x). (4.8)

Its tangentspaceis spannedby thezeromodesof thefermionfields w.
Fromthe physicspoint of view, the threedifferentforms ofthe fundamental

elliptic complex (4.2)—(4.4) correspondto three different treatmentsof the
conformalsymmetry,which we commentin the sameorderbelow. That they
havethesameindexconfirmsthat thephysicsis independentof thegaugefixing.
First,wecanwrite theBRSTtransformation(2.1) andaddatracelessconstraint

= 0asin someoftheearlierattemptsor in section2. Alternatively,conformal
anddiffeomorphismsymmetriescan be treatedon the samef’~oting,i.e., by
~ = Wjzz’ + C~

1i~+ Cv;p + c’gpv, supplementedby the BRSTtransformationsof
otherfields. Andfinally, conformalgaugefixing canbeachievedby theconstraint
R + ci = 0 (cv is a constant) [4], due to Schoen’ssolution to the Yamabe
problem:any Riemannianmetric can be conformally deformed to one with
constantscalarcurvature[23]. Indeed,if the constantscalarcurvatureis non-
positive,thentwo conformallyequivalentmetricsof the samevolumemustbe
thesame.However,morecarefulanalysisrevealsthat, if thereis a metric with
positiveconstantscalarcurvature,thenthe manifold (if simply connected)has
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to be the connectedsum of CP2 [7], andthereseemsto be no understanding
aboutthe uniqueness.Therefore,of thethreepossibilitiesR = —1,0,1, R = 0
hasto be supplementedby the normalizationof the volume [4], whereasfor
R = 1, the extraredundancyis not clear.

To study the intersectingtheory on the moduli space,we considerthe in-
tegrationof differential forms alongthe fiber of (3.1). Since the orientation
on M inducesone on eachfiber, any differential n-form on the total space
(Mx Met)/Dzff~yields an (n — 4)-form on thebaseMet/Thff~.However,for
lower dimensionalcyclesw in M, two problemsoccur. First,thereis no canon-
ical embeddingof w c M in the fiber; this makesthe integrationambiguous.
Secondly,thebi-gradingof differential forms on U x M dependson the partic-
ular coordinatechartwe choose.Thereforethe dependenceof theobservables
on the diffeomorphismghostc1 seemsnecessary.On onehand,theghostcom-
pensatesthe variationof the lower dimensionalcycle w underdiffeomorphism
transformations.On the otherhand,the ghostfield c2 mixes the gradingof dif-
ferentialformson U x M in suchaway that the variationof the observables
underan infinitesimaldiffeomorphismis BRST trivial [4], i.e., for anyvector
fieldv, fe,, L~Wk = fe,, ~ dWk = —o f

0, i~Wk+I. Therefore,ifw isak-cycle in M,
theexpectationvalue(0(w)) of0(w) = f~Wk dependsonly on thehomology
class [w] � Hk(M).

Oneshouldalsorequirethat (0(w)) is invariantunderlargediffeomorphisms
to avoidglobal gravitationalanomalies.The invariant setH~(M )Thff fixed by
theorientationpreservingdiffeomorphismgroupDiff~isusuallysmall.To con-
structmoregeneralDir -invariantobservables,weconsiderthegradedpolyno-
mial algebral~[H~ (M)] overthe homologygroupH~(M) with realcoefficients.
A typicalgradedmonomialisw1 ~.. ~ wr, wherethew,’sarehomologyk-cycles
satisfyingthe gradedcommutativityw ~ w3 = (—1)kk~w~~ w andassocia-
tivity. To anyThfftinvariant gradedpolynomialP = w1 Wp. + ~ we
associatean observable

0(P)=flJWk1+.... (4.9)
‘=iwi

It is clearly invariant underDiff+. For simply connectedcompactfour-mani-
folds,theonly interestingpartoftI~[H~(M)] is B~[H2(M)], thepolynomialalge-
braoverJ-12(M). The invariantpartR[H2(M)]Thff~ containsR[q~],whereq~
is the intersecting form of M. For a large class of algebraic surfaces,
Il~[H2(M)]Thff is eitherR[q~,k

2] or ~ k], wherek is thefirst Chernclass

of thecanonicalbundle [24], thoughlittle is knownabout ~[H~ (M)]Thff in
the generalcase.
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